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Support

The tutorial is partially supported by the European projects:
• FP7 AXES (Access to Audiovisual Archives) http://www.axes-project.eu

• FP7 REVERIE (REal and Virtual Engagement in Realistic Immersive
Environments) http://www.reveriefp7.eu/
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Introduction Motivation

Explaining data by factorisation
General formulation

F

N

W(F×K ) × H(K×N)V(F×N)

vn wk

vn ≈
∑K

k=1 hknwk Illustration by C. Févotte
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Introduction Motivation

Explaining data by factorisation
General formulation

F

N

W(F×K) × H(K×N)V(F×N)

vn wk

data matrix “explanatory variables” “regressors”,
“basis”, “dictionary”,
“patterns”, “topics”

“activation coefficients”,
“expansion coefficients”

Illustration by C. Févotte
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Introduction Motivation

Principal Component Analysis (PCA)
Recalling the technique1

Assuming the data is real-valued (vn ∈ RF ) and centered (E[v] = 0),
• PCA returns a dictionary WPCA ∈ RF×K such that the least squares
error is minimized:

WPCA = min
W

1
N

∑
n

‖vn − v̂n‖22 =
1
N
‖V −WWTV‖2F

• A solution is given by:
WPCA = E1:K

where E1:K denotes the K dominant eigenvectors of Cv:

Cv = E[vvT ] ≈ 1
N

∑
n

vnvn.

1slide adapted from (Févotte, 2012).
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Introduction Motivation

Explaining face images by PCA2

Image example: 49 images among 2429 from MIT’s CBCL face dataset

2slide adapted from (Févotte, 2012).
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Introduction Motivation

Explaining face images by PCA
Method

H

≈

V W

Vectorised images Facial
features

Importance of features
in each image

...

...... ...
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Introduction Motivation

Explaining face images by PCA3

Eigenfaces

Red pixels indicate negative values! How to interpret this?
3slide adapted from (Févotte, 2012).
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Introduction Motivation

Data is often nonnegative by nature4

• pixel intensities;
• amplitude spectra;
• occurrence counts;
• food or energy consumption;
• user scores;
• stock market values;
• ...

For the sake of interpretability of the results, optimal processing of
nonnegative data may call for processing under nonnegativity
constraints.

4slide adapted from (Févotte, 2012).
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Introduction First look at the model

The Nonnegative Matrix Factorisation model

NMF provides an unsupervised linear representation of the data:

  

W

H

V

V ≈WH;

− W = [wfk ] s.t. wfk ≥ 0
and

− H = [hkn] s.t. hkn ≥ 0.

Illustration by N. Seichepine
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Introduction First look at the model

Why nonnegative factors?

• Nonnegativity induces sparsity.
• Nonnegativity leads to part-based decompositions.

"Atoms energy cancellation" is not allowed: once an atom is selected with
some energy, it cannot be further concealed by other atoms.
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Introduction First look at the model

NMF outputs
Image example

Illustration by C. Févotte
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Introduction First look at the model

NMF outputs
Audio example

NMF produces part-based representations of the data:

Illustration by R. Hennequin.
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Introduction First look at the model

History

NMF is more than 30-year old!

• previous variants referred to as:
− nonnegative rank fatorisation (Jeter and Pye, 1981; Chen, 1984);
− positive matrix factorisation (Paatero and Tapper, 1994);

• popularized by Lee and Seung (1999) for “ learning the parts of objects”.

Since then, widely used in various research areas for diverse applications.
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Introduction First look at the model

Notations I

• V : the F × N data matrix:
− F features (rows),
− N observations/examples/feature vectors (columns);

• vn = (v1n, · · · , vFn)T : the n-th feature vector observation among a
collection of N observations v1, · · · , vN ;

• vn is a column vector in RF
+; vn is a row vector;

• W : the F × K dictionary matrix:
− wfk is one of its coefficients,
− wk a dictionary/basis vector among K elements;
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Introduction First look at the model

Notations II

• H : the K × N activation/expansion matrix:
− hn : the column vector of activation coefficients for observation vn :

vn ≈
K∑

k=1

hknwk ;

− hk: : the row vector of activation coefficients relating to basis vector wk .
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Introduction General usages and applications

General usages of NMF I
What for?

NMF is a non-supervised data decomposition technique, akin to latent
variable analysis, that can be used for:
• feature learning: like Principal Component Analysis (PCA);
− learn NMF on training dataset

Vtrain → dictionary W

− exploit W to decompose new test
examples vn :
vn ≈

∑K
k=1 hknwk ; hkn ≥0

− use hn as feature vector for
example n.

Evaluation for face recognition:
− Dataset: Olivetti faces, 40 classes
− Classifiers: LDA (Linear Discriminant

Analysis)
− Cross-validated results:

Accuracy
PCA 93%
ICA 93%

NMF 96%
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Introduction General usages and applications

General usages of NMF II
What for?

• topics recovery:
assume V = [vfn] is a (scaled) term-document co-occurrence matrix:
vfn is the frequency of occurrences of word mf in document dn;

H

≈

V W

Documents Topics Topic importance
indicators

W
or
ds
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Introduction General usages and applications

Topics recovery
NMF link to Probabilistic Latent Semantic Analysis (PLSA)

• topics recovery: like Probabilistic Latent Semantic Analysis (PLSA):

assume V = [vfn] is a (scaled) term-document co-occurrence matrix:
vfn is the frequency of occurrences of word mf in document dn;

PLSA model (Hofmann, 1999)

P(mf , dn) =
K∑

k=1

P(tk)P(dn|tk)P(mf |tk)

→ the documents can be explained by some underlying topics tk .
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Introduction General usages and applications

Topics recovery
NMF link to Probabilistic Latent Semantic Analysis (PLSA)

• Let wfk = P̂(tk)P̂(mf |tk) and hkn = P̂(dn|tk);
• the model can be re-written as:

[P̂(mf , dn)] = [v̂fn] = WH

The wk can be interpreted as topics explaining the data being analyzed to
the extent given by related hk:.

Link between NMF and PLSA (Gaussier and Goutte, 2005)

• Any (local) maximum likelihood solution of PLSA is a solution of NMF
with Kullback-Leibler (KL) divergence.

• Any solution of NMF with KL divergence yields a (local) maximum
likelihood solution of PLSA.
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Introduction General usages and applications

Text document analysis example
After sklearn topics extraction demo (Pedregosa et al., 2011)

Analysing the 20 newsgroups dataset with NMF, the following topics are
automatically determined:
• Topic #0: god people bible israel jesus christian true moral think
christians believe don say human israeli church life children jewish

• Topic #1: drive windows card drivers video scsi software pc thanks vga
graphics help disk uni dos file ide controller work

• Topic #2: game team nhl games ca hockey players buffalo edu cc year
play university teams baseball columbia league player toronto

• Topic #3: window manager application mit motif size display widget
program xlib windows user color event information use events values

• Topic #4: pitt gordon banks cs science pittsburgh univ computer soon
disease edu reply pain health david article medical medicine

Topics described by most frequent words in each dictionary element Wk .
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Introduction General usages and applications

General usages of NMF III
What for?

• clustering: like K-means (Ding et al., 2005, 2010; Xu et al., 2003):

H

≈

V W

Data points Cluster
centroids

Cluster membership
indicators

I NMF can handle overlapping clusters and provides soft cluster
membership indications.
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Introduction General usages and applications

General usages of NMF IV
What for?

• temporal segmentation: like Hidden Markov Models (HMM);
analysing temporal data sequences, e.g., videos:

w1

≈ + ... +

V

h1:

wK

hK :
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Introduction General usages and applications

General usages of NMF IV
What for?

• temporal segmentation: like Hidden Markov Models (HMM);
analysing temporal data sequences, e.g., videos:

w1

≈ + ... +

V

h1:

wK

hK :

Temporal segmentation can be achieved by thresholding the temporal
activations relating to components of interest.
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Introduction General usages and applications

General usages of NMF V
What for?

• filtering and source separation: as with Independent Component
Analysis (ICA):

H = [H1;H2]

≈

V W = [W1,W2]

spectrogram

fr
eq
ue
nc
y

time

patterns activations
Mixture Spectral Temporal

H1

W1

=

= +

Source 1 model

H2

W2

Source 2 model
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Introduction General usages and applications

In summary...
What for?

NMF is a non-supervised data decomposition technique, akin to latent
variable analysis, that can be used for:

• topics recovery: like Probabilistic Latent Semantic Analysis (PLSA);
• feature learning: like Principal Component Analysis (PCA);
• clustering: like K-means;
• temporal segmentation: like Hidden Markov Models (HMM);
• filtering and source separation: as with Independent Component
Analysis (ICA);

• coding as with vector quantization.
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Introduction General usages and applications

Overview of NMF application domains I

A variety of successful applications:
• Text mining: (Xu et al., 2003; Berry and Browne, 2006; Kim and Park, 2008)

• Images:
− unsupervised object discovery (Sivic et al., 2005)
− object and face recognition (Soukup and Bajla, 2008)
− tagging (Kalayeh et al., 2014)
− denoising and inpainting (Mairal et al., 2010)
− texture classification (Sandler and Lindenbaum, 2011)
− spectral data (Berry et al.)
− hashing (Monga and Mihcak, 2007)
− watermarking (Lu et al., 2009)

• Electroencephalography (EEG) data:
− feature extraction (Cichocki and Rutkowski, 2006; Lee et al., 2009)
− artifact rejection (Damon et al., 2013a,b)
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Introduction General usages and applications

Overview of NMF application domains II

• Bioinformatics:
− gene expression analysis (Brunet et al., 2004; Gao and Church, 2005)
− protein interaction clustering (Greene et al., 2008)

• Other:
− collaborative filtering (Melville and Sindhwai, 2010)
− community discovery (Wang et al., 2010)
− portfolio diversification (Drakakis et al., 2007)
− food consumption analysis (Zetlaoui et al., 2010)
− industrial source apportionment (Limem et al., 2013)

• Audio and music
• Videos
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Introduction General usages and applications

Audio and music processing

• Source separation (NMF is state-of-the art):
− speech: separating voices in speech mixtures or voice from background

(Virtanen, 2007; Virtanen and Cemgil, 2009; Mohammadiha et al., 2013)
− music: separating singing voice/melody from accompaniment or musical

instruments in polyphonic mixtures (Durrieu et al., 2009; Ozerov and Fevotte,
2010; Hennequin et al., 2011; Ozerov et al., 2013; Rafii et al., 2013)

• Signal enhancement/denoising:
(Wilson et al., 2008; Schmidt et al., 2007; Sun and Mazumder, 2013)

• Audio inpainting
(Roux et al., 2011; Yilmaz et al., 2011)
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Introduction General usages and applications

Audio and music processing

• Compression
(Ozerov et al., 2011b; Nikunen et al., 2011)

• Music transcription: recognizing musical notes played by Piano, Drums
or multiple instruments

(Smaragdis and Brown, 2003; Abdallah and Plumbley, 2004; Vincent et al., 2007; E.
Vincent et al., 2008; Févotte et al., 2009; Bertin et al., 2010; Vincent et al., 2010)
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Introduction General usages and applications

Video processing

• NMF use for video processing remains quite limited, despite its potential.

• Known works:
− Video summarization (Cooper and Foote, 2002)
− Dynamic video content representation and scene change detection (Bucak and

Gunsel, 2007)
− Onscreen person spotting and shot-type classification (Essid and Fevotte, 2012,

2013)
− Fingerprinting (Cirakman et al., 2010)
− Action recognition (Krausz and Bauckhage, 2010; Masurelle et al., 2014)
− Compression (Türkan and Guillemot, 2011)
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Introduction General usages and applications

Action recognition using depth silhouettes
Using NMF for feature learning (Masurelle et al., 2014)

background

subtraction

cropping

and resizing

temporal

integration

NMF

decomposition

HMM

classification

depth-map sequence

depth silhouettes

invariant depth silhouettes

motion-trace depth silhouettes

local spatio-temporal features

recognized gesture

Skeleton
PCA NMF

features

78% 89% 91%

Recognition accuracies

• considering Kinect recordings
of 8 actions;

• using Huawei/3DLife grand
challenge dataset for action
recognition.
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Introduction General usages and applications

Video Structuring
Using NMF for temporal segmentation and soft-clustering (Essid and Fevotte, 2013)

Discovering the video editing
structure (Essid and Fevotte, 2012)

"Full group" "Multiple participants" "Multiple participants"

"Participant 1" "Participant 2" "Participant 2"

"Participant 3" "Participant 4" "Participant 5"

Performing speaker diarization
(Seichepine et al., 2013)

“Who spoke when?”

illustration by N. Seichepine

Using the Canal9 political debates database (Vinciarelli et al., 2009).
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Introduction Difficulties in NMF

I Introduction
– Motivation
– First look at the model
– General usages and applications
– Difficulties in NMF

I NMF models

I Algorithms for solving NMF

I Constrained NMF schemes

I Multi-stream and cross-modal NMF schemes

I Applications
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Introduction Difficulties in NMF

Model order choice
A suitable choice of K is very important

Model order K corresponds to the number of rank-1 matrices within the
approximation

The choice of K results in a compromise between

Data fitting
A greater K leads to a better data approximation

Model complexity

A smaller K leads to a less complex model (easier to estimate, less
parameters to transmit, etc ...)

A right model order choice is important and it depends on the data V
and on the application.

Essid & Ozerov (TPT/Technicolor) A tutorial on NMF ICME 2014 36 / 170



Introduction Difficulties in NMF

NMF is ill-posed
The solution is not unique

Given V = WH ; W ≥ 0, H ≥ 0; any matrix Q such that:
• WQ ≥ 0
• Q−1H ≥ 0
provides an alternative factorisation V = W̃H̃ = (WQ)(Q−1H).

In particular, Q can be any nonnegative generalised permutation
matrix; e.g., in R3 :

Q =

0 0 2
0 3 0
1 0 0


This case is not so problematic: merely accounts for scaling and
permutation of basis vectors wk .
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Introduction Difficulties in NMF

Geometric interpretation and ill-posedness

NMF assumes the data is well described by a simplicial convex cone Cw
generated by the columns of W:

vi

Cww1

w2

Cw =
{∑K

k=1 λkwk ; λk ≥ 0
}
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Introduction Difficulties in NMF

Geometric interpretation and ill-posedness

NMF assumes the data is well described by a simplicial convex cone Cw
generated by the columns of W:

vi

Cww1

w2

Cw =
{∑K

k=1 λkwk ; λk ≥ 0
}

vi

Cww1

w2

Problem: which Cw?
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Introduction Difficulties in NMF

Geometric interpretation and ill-posedness

NMF assumes the data is well described by a simplicial convex cone Cw
generated by the columns of W:

vi

Cww1

w2

Cw =
{∑K

k=1 λkwk ; λk ≥ 0
}

vi

Cww1

w2

Problem: which Cw?

→ Need to impose constraints on the set of possible solutions to select the
most “useful” ones.
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Introduction Difficulties in NMF

Constrained NMF methods

Different types of constraints have been considered in previous works:

− Sparsity constraints: either on W or H (e.g., Hoyer, 2004; Eggert and Korner,
2004);

− Shape constraints on wk , e.g.:
I convex NMF: wk are convex combinations of inputs (Ding et al., 2010);
I harmonic NMF: wk are mixtures of harmonic spectra (Vincent et al., 2008).

− Spatial coherence or temporal constraints on hk : activations are smooth
(Virtanen, 2007; Jia and Qian, 2009; Essid and Fevotte, 2013);

− Cross-modal correspondence constraints: factorisations of related
modalities are related, e.g., temporal activations are correlated (Seichepine
et al., 2013; Liu et al., 2013; Yilmaz et al., 2011);

− Geometric constraints: e.g., select particular cones Cw (Klingenberg et al.,
2009; Essid, 2012).
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NMF models

I Introduction

I NMF models
– Cost functions
– Weighted NMF schemes

I Algorithms for solving NMF

I Constrained NMF schemes

I Multi-stream and cross-modal NMF schemes

I Applications

I Conclusion
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NMF models Cost functions

NMF optimization criteria

NMF approximation V ≈WH is usually obtained through:

min
W,H≥0

D(V|WH) ,

where D(V|V̂) is a separable matrix divergence:

D(V|V̂) =
F∑

f =1

N∑
n=1

d(vfn|v̂fn) ,

and d(x |y) defined for all x , y ≥ 0 is a scalar divergence such that:
• d(x |y) is continuous over x and y ;
• d(x |y) ≥ 0 for all x , y ≥ 0;
• d(x |y) = 0 if and only if x = y .
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NMF models Cost functions

Popular (scalar) divergences

Euclidean (EUC) distance (Lee and Seung, 1999)

dEUC (x , y) = (x − y)
2

Kullback-Leibler (KL) divergence (Lee and Seung, 1999)

dKL(x , y) = x log
x
y
− x + y

Itakura-Saito (IS) divergence (Févotte et al., 2009)

dIS(x , y) =
x
y
− log

x
y
− 1
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NMF models Cost functions

Convexity properties

Divergence d(x |y) EUC KL IS
Convex on x yes yes yes
Convex on y yes yes no
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NMF models Cost functions

Scale invariance properties5

dEUC (λ x |λ y) = λ2 dEUC (x |y)

dKL(λ x |λ y) = λ dKL(x |y)

dIS(λ x |λ y) = dIS(x |y)

The IS divergence is scale-invariant → it provides higher accuracy in the
representation of data with large dynamic range, such as audio spectra.

5slide adapted from (Févotte, 2012).
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NMF models Cost functions

Music transcription demo
Demo slide courtesy of C. Févotte (Fevotte et al., 2009)

���� ���� ���� ����� ����� �

(MIDI numbers: 61, 65, 68, 72)

Three representations of the data.
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NMF models Cost functions

Music transcription demo
Demo slide courtesy of C. Févotte (Fevotte et al., 2009)

NMF decomposition with K = 8
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(True values: 61, 65, 68, 72)
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NMF models Cost functions

General parametric families of divergences

β-divergence (Eguchi and Kano., 2001)

dβ(x |y) =


1

β(β−1)

(
xβ + (β − 1)yβ − β x yβ−1

)
β ∈ R\{0, 1}

x log x
y − x + y β = 1

x
y − log x

y − 1 β = 0

Generalizes IS (β = 0), KL (β = 1) divergences and EUC (β = 2) distance.

α-divergence (Cichocki et al., 2006, 2008)

dα(x |y) =
1

α(α− 1)

(
αx + (1− α)y − xαy1−α

)
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NMF models Cost functions

And many others ...

• Separable divergences:
− Csiszar’s divergence (generalizes α-divergence) (Cichocki et al., 2006)
− Bregman divergence (generalizes β-divergence) (Bregman, 1967; I. S. Dhillon

and S. Sra, 2005)
− αβ-divergence (A. Cichocki et al., 2011)
− etc ...

• Nonseparable divergences:
− γ-divergence (Fujisawa and Eguchi, 2008)
− ρ-(Rényi’s) divergence (Devarajan and Ebrahimi, 2005)
− etc ...
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NMF models Cost functions

Which divergence to choose?

NMF divergence choice depends on the data and on the application.

One can choose the divergence as follows:
• by intuition or from some prior knowledge of the application goal
(e.g., NMF is used for predicting the unseen data while minimizing the
mean squared error =⇒ EUC distance) or invariances (e.g., scale
invariance for music analysis with IS divergence) ;

• from some probabilistic considerations (presented in the upcoming
section);

• optimize the divergence (e.g. from some parametric family) on some
development data within a particular application.
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NMF models Cost functions

Statistical viewpoint

For many divergences a probabilistic formulation is possible: the divergence
minimization becomes equivalent to a maximum likelihood criterion (Févotte
et al., 2009; Cemgil, 2009b):

D(V|V̂) = − log p(V|V̂) + const

Examples:

Divergence D(V|V̂) Probability distribution p.d.f. p(V|V̂)

EUC
∑
f ,n

(vfn − v̂fn)2 vfn ∼ Gaussian
(
v̂fn, σ2

) ∏
f ,n

1√
2πσ2 exp

(
− (vfn−v̂fn)2

2σ2

)
KL

∑
f ,n

(
vfn log

vfn
v̂fn
− vfn + v̂fn

)
vfn ∼ Poisson (v̂fn)

∏
f ,n

1
Γ(vfn+1)

v̂
vfn
fn exp (−v̂fn)

IS
∑
f ,n

(
vfn
v̂fn
− log vfn

v̂fn
− 1
)

vfn ∼ Exponential
(

1
v̂fn

) ∏
f ,n

1
v̂fn

exp
(
− vfn

v̂fn

)
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NMF models Cost functions

Statistical viewpoint

Numerous advantages of a probabilistic NMF formulation:
• possibility of using efficient probabilistic inference algorithms such as
the Expectation-Maximization (EM) algorithm (Févotte et al., 2009) and
the Monte Carlo methods (Cemgil, 2009b; Schmidt et al., 2009);

• possibility of introducing various constraints into NMF modeling via
prior distributions (Arngren et al., 2011);

• possibility of learning the NMF from partially missing (Roux et al., 2011)
or noisy (Arberet et al., 2012) data;

• possibility of combining the NMF with different probabilistic models
(Ozerov et al., 2012), e.g., the hidden Markov models (HMMs) (Ozerov et al.,
2009).
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NMF models Weighted NMF schemes

Weighted NMF

Conventional NMF optimization criterion (separable divergence case):

min
W,H≥0

F∑
f =1

N∑
n=1

d(vfn|v̂fn) .

Weighted NMF optimization criterion:

min
W,H≥0

F∑
f =1

N∑
n=1

bfnd(vfn|v̂fn) ,

where bfn (f = 1, . . . ,F , n = 1, . . . ,N) are some nonnegative weights
representing the contribution of data point vfn into NMF learning.
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NMF models Weighted NMF schemes

Weighted NMF application example I

Learning from partial observations (e.g., for image inpainting as in (Mairal
et al., 2010)):

Observed value
bfn = 1

Missing value

bfn = 0
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NMF models Weighted NMF schemes

Weighted NMF application example II

Face feature extraction (example and figure from (Blondel et al., 2008)):

Data V

Image-centered weights

Face-centered weights

Weights B = {bfn}f ,n
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Algorithms for solving NMF
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Algorithms for solving NMF Preliminaries

Optimization difficulties

An efficient solution of the NMF optimization problem

min
W,H≥0

D(V|WH) ⇔ min
θ

C (θ) ; C (θ)
def
= D(V|WH)

(where θ
def
= {W,H} denotes the NMF parameters) must cope with the

following difficulties:
• the nonnegativity constraints must be taken into account;
• no uniqueness of the solution is guaranteed in general;
• the optimization problem has usually a multitude of local and global
minima.
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Algorithms for solving NMF Preliminaries

Alternating optimization strategy

The problem is usually easier to optimize over one matrix (say H) given the
other matrix (say W) is known and fixed.

Indeed, for several divergences D(V|WH) is even convex separately w.r.t.
H and w.r.t. W, but not w.r.t. {W,H}.

For this reason many state-of-the-art NMF optimization algorithms rely on
the following iterative alternating optimization strategy.

Alternating optimization a.k.a block-coordinate descent (one iteration):
• update W, given H fixed,
• update H, given W fixed.
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Algorithms for solving NMF Multiplicative update rules

Multiplicative update rules

A heuristic approach introduced by (Lee and Seung, 2001) to solve minθ C (θ)

Multiplicative update (MU) rule for H (similarly for W) is defined as:

hkn ← hkn
[
∇hknC (θ)

]
− /
[
∇hknC (θ)

]
+
,

where
∇hknC (θ) =

[
∇hknC (θ)

]
+
−
[
∇hknC (θ)

]
− ,

and the summands are both nonnegative.

NOTE: The nonnegativity of W and H is guaranteed by construction.
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Algorithms for solving NMF Multiplicative update rules

MU rules for the β-divergence

For example, in the case of the β-divergence (generalizing the three
popular divergences) the following decomposition:

∇ydβ(x |y) = yβ−1︸ ︷︷ ︸
[∇ydβ(x |y)]+

− x yβ−2︸ ︷︷ ︸
[∇ydβ(x |y)]−

leads to the following MU rules (in matrix form) (Févotte et al., 2009):

MU rules for NMF with the β-divergence (one iteration):

H← H�
W

T
(

(WH).[β−2] � V
)

WT (WH).[β−1]
,

W←W �

(
(WH).[β−2] � V

)
H

T

(WH)
.[β−1]

HT
,

Re-normalize W columns and H rows to address scale-invariance (see Févotte et al. 2009).
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Algorithms for solving NMF Multiplicative update rules

Intuitive explanation

We consider for simplicity ∇hC (h) = ∇+ −∇−
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Algorithms for solving NMF Multiplicative update rules

Discussion

The only two things guaranteed by this approach:
• the newly updated value lies in the direction of partial derivative
decrease;

• the newly updated value is always nonnegative.

Nothing more can be guaranteed in general, and all the other algorithm
properties depend on the “positive-negative” decomposition chosen:

∇hknC (θ) =
[
∇hknC (θ)

]
+
−
[
∇hknC (θ)

]
− .
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Algorithms for solving NMF Multiplicative update rules

Gradient descent viewpoint

Each MU rule can be interpreted as a diagonally rescaled gradient
descent (Lee and Seung, 2001):

hkn ← hkn − µkn∇hknC (θ) ,

where the step-size µkn is defined as µkn
∆
= hkn/

[
∇hknC (θ)

]
+
.

Though this re-formulation does not bring any new properties for the
algorithm (e.g., the convergence).
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Algorithms for solving NMF Multiplicative update rules

Majorisation-minimisation viewpoint
For many divergences and certain “positive-negative” decompositions
each MU rule can be interpreted as a Majorisation-Minimisation (MM)
procedure (Hunter and Lange, 2004):

To minimise C (s), e.g., s = wfk or s = hkn:
• build G (s|s̃) such that G (s|s̃) ≥ C (s) and G (s̃|s̃) = C (s̃);
• optimize iteratively G (s|s̃) instead of C (s).
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Majorisation-minimisation viewpoint
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Algorithms for solving NMF Multiplicative update rules

Majorisation-minimisation viewpoint
For many divergences and certain “positive-negative” decompositions
each MU rule can be interpreted as a Majorisation-Minimisation (MM)
procedure (Hunter and Lange, 2004):

To minimise C (s), e.g., s = wfk or s = hkn:
• build G (s|s̃) such that G (s|s̃) ≥ C (s) and G (s̃|s̃) = C (s̃);
• optimize iteratively G (s|s̃) instead of C (s).

I NOTE: The MM procedure guarantees the cost is non-increasing at
each iteration:

C (s(t+1)) ≤ G (s(t+1)|s(t)) ≤ G (s(t)|s(t)) = C (s(t)).
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Algorithms for solving NMF Multiplicative update rules

Convergence analysis

Monotonicity (“convergence” in terms of non-increase of the cost):
• is not guaranteed in general for MU rules;
• is proven (via the majorisation-minimisation formulation) for some
divergences (e.g., α and β-divergences) with particular “positive-negative”
decompositions (see, e.g., Févotte and Idier 2010; Yang and Oja 2011).

Local convergence in parameters (whether the solution converges to a
stationary point?)
• very few positive results for MU rules (see, e.g., Lin 2007a; Badeau et al.

2010);
• the main difficulty is due to non-uniqueness of the NMF.
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Algorithms for solving NMF Multiplicative update rules

Summary

Advantages:
• easy to implement;
• non-negativity of W and H is guaranteed.

Drawbacks:
• monotonicity is not always guaranteed;
• among other algorithms the convergence rate is not the highest one.
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Algorithms for solving NMF Multiplicative update rules

Other alternating optimization algorithms

Gradient-like algorithms (Lin, 2007b)
• Advantages: may “converge” faster than MU rules
• Drawbacks: nonnegativity constraints must be explicitly handled.

Newton-like algorithms (Zdunek and Cichocki, 2006)

• Advantages: “converge” faster than Gradient-like algos and MU rules
• Drawbacks: nonnegativity constraints must be explicitly handled;
limited to convex divergences

Expectation-maximization (EM) algorithms (Févotte et al., 2009; Cemgil,
2009a)

• Advantages: nonnegativity constraints are implicitly handled;
possibility of introducing other constraints via probabilistic priors

• Drawbacks: may “converge” slower than MU rules; limited to NMF
with probabilistic formulation
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Algorithms for solving NMF Multiplicative update rules

Online algorithms

Online algorithms to handle continuous data streams (Bucak and Gunsel,
2009; Simon and Vincent, 2012)

Online algorithms to handle big data (stochastic gradient-like) (Mairal
et al., 2010)
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Algorithms for solving NMF Model order selection, initialization and stopping criteria

How to choose model order?

A right model order choice is important and it depends on the data V
and on the application.

The following strategies are usually used to set up an appropriate model
order:
• Model order K is fixed during the NMF decomposition, and it was
− either chosen by intuition,
− either chosen based on some prior knowledge (e.g., known number of clusters

for clustering),
− or trained on some development data within a particular application.

• Model order K is estimated automatically within the NMF
decomposition (Tan and Févotte, 2013; Schmidt and Morup, 2010).
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Algorithms for solving NMF Model order selection, initialization and stopping criteria

Model order choice
Illustration on audio data

≈K = 1 =

≈K = 12 =

≈K = 24 =

V WH W H
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Algorithms for solving NMF Model order selection, initialization and stopping criteria

Initialization

A good initialization of parameters (W and H) is important for any
local optimization approach (including MU rules) due to the existence of
many local minima.

Random initializations:
• initialize (nonnegative) parameters randomly several times;
• keep the solution with the lowest final cost.
Strcutural data-driven initializations:
• initialize W by clustering of data points V (Kim and Choi, 2007);
• initialize W by singular value decomposition (SVD) of data points V
(Boutsidis and Gallopoulos, 2008);

• etc ...
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Algorithms for solving NMF Model order selection, initialization and stopping criteria

Stopping criteria
How many iterations?

For any iterative optimization strategy (including MU rules) the total
number of iterations is important and results in a tradeoff between:
• the computational load from one side, and
• the data fitting (approximation error) and model quality from the other
side.

Stopping criteria (Albright et al., 2006):
• after a fixed number of iterations;
• once the approximation error (the cost) is below a pre-defined
threshold;

• once the approximation error relative decrease is below a pre-defined
threshold;

• etc ...
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Constrained NMF schemes
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Constrained NMF schemes Regularized NMF

Motivation

Reminder !

Problems:
• NMF is not unique.
• Hence NMF is not guaranteed to extract latent components as
desired within a particular application.

Possible solution: Given the application, impose some knowledge-based
constraints on W, on H, or on both W and H.
• Adding constraints usually makes the decomposition “more unique” .
• Appropriate constrains may lead to more suitable latent components.
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Constrained NMF schemes Regularized NMF

Shape-constrained NMF
Convex NMF (Ding et al., 2010)

Constrain the basis vectors wk to be convex combinations of the input
vectors:

Convex-NMF model

wk =
N∑

n=1

gnkvn ; gnk ≥ 0,
∑
n

gnk = 1

hence the model:
V ≈ (VG)H ; hkn ≥ 0

I Remarks:
− vectors wk can be better interpreted as centroids, being weighted sums of

data points;
− the solution (G, H) tends to be more sparse (Ding et al., 2010);
− in practice, the model yields more regular solutions than NMF (see, e.g.,

Essid and Fevotte 2013).
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Constrained NMF schemes Regularized NMF

Shape-constrained NMF
Harmonic NMF (Vincent et al., 2008)

Many audio sound (e.g., speech, harmonic music sounds, etc.) exhibit a
harmonic structure.

V

Time
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eq
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y

Fundemental

Partials

frequency (f0)
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Constrained NMF schemes Regularized NMF

Shape-constrained NMF
Harmonic NMF (Vincent et al., 2008)

Constrain the basis vectors wk to be mixtures of M pre-defined
narrow-band harmonic spectra E = {em}

M

m=1.

Harmonic NMF model

wk =
M∑

m=1

gmkem; gmk ≥ 0,

where many entries of matrix G = {gmk}m,k are constrained to be zero
(combining any harmonic spectra together is not allowed).
Hence the model:

V ≈ (EG)H ; hkn ≥ 0 ; gkn ≥ 0.

I Remarks:
− resulting W = EG is always harmonic by construction;
− (G, H) includes less free parameters than (W, H) in the unconstrained NMF.
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Constrained NMF schemes Regularized NMF

Shape-constrained NMF
Example of harmonic NMF (Ozerov et al., 2012)

V

W H

V̂

E G

A slightly modified version of a figure from (Ozerov et al., 2012).
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Constrained NMF schemes Regularized NMF

Sparse NMF
Sparsity constraints on H

Enforcing only few non-zero entries in hn:

W

Unconstrained H

W

Sparse H
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Constrained NMF schemes Regularized NMF

Sparse NMF
Group sparsity constraints on H

Enforcing only few non-zero pre-defined groups (blocks) in H:

W

Unconstrained H

W

Group sparse H

Group =
"2 rows"
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Constrained NMF schemes Regularized NMF

Sparse NMF
Implementation

Sparsity and group sparsity constraints on H and/or W are usually
implemented by adding sparsity-inducing penalties to the divergence to
be minimized:

C (W,H) = D(V|WH) + λψ(H) + ηφ(W) .

See for example:
• (Hoyer, 2004; Eggert and Korner, 2004) for sparsity-inducing penalties in
NMF,
and

• (A. Lefèvre et al., 2011; Sun and Mazumder, 2013; El Badawy et al., 2014) for
group sparsity-inducing penalties in NMF.
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Constrained NMF schemes Regularized NMF

Smooth NMF schemes

Motivation: NMF temporal activations (rows of H) are often erratic,
while we know that for some decompositions they should be rather smooth
(e.g., for music notes activations).

Solution: introducing smoothness constraints into NMF decomposition
(Virtanen, 2007; Jia and Qian, 2009; Essid and Fevotte, 2013; Seichepine et al., 2014a),
e.g., by adding a smoothness penalty to the divergence to be minimized:

C (W,H) = D(V|WH) + βsS(H) ;

where

S(H) =
1
2

K∑
k=1

N∑
n=2

|hkn − hk(n−1)|p; p = 1 or 2

βs is a regularization parameter controlling the amount of smoothing.
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Constrained NMF schemes Regularized NMF

Smooth NMF schemes
Illustration on synthetic sequential data

Illustration by N. Seichepine

(Seichepine et al., 2014a)
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Constrained NMF schemes Regularized NMF

Other constraints
as mentioned in (Gillis, 2014)

• graph regularized NMF (Cai et al., 2011),
• orthogonal NMF (Choi, 2008),
• tri-NMF (Ding et al., 2006),
• projective NMF (Yang and Oja, 2010),
• minimum volume NMF (Miao and Qi, 2007),
• hierarchical NMF (Li et al., 2013),
• etc ...
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Constrained NMF schemes Geometric approaches
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Constrained NMF schemes Geometric approaches

Preliminaries

vi

Cww1

w2

Problem: which Cw?

Essid & Ozerov (TPT/Technicolor) A tutorial on NMF ICME 2014 85 / 170



Constrained NMF schemes Geometric approaches

Preliminaries

vi

Cww1

w2

Problem: which Cw?

vi

w1

w2

ĈW

Seek the smallest cone ĈW
containing the data.
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Constrained NMF schemes Geometric approaches

Why the smallest cone?

• Assume the data has actually been generated as V = BC; B ≥ 0 and
C ≥ 0;

• the exact NMF model is then W = B and H = C.

Klingenberg et al. lemma

If Prob{ckn ∈ V(0+)} 6= 0,
i.e. the distribution of the activation coefficients ckn is non-zero in a
positive neighborhood of the origin, so that some observations may be
arbitrarily close to the vertices of the generating cone,
then the smallest cone ĈW is exactly the generating cone ĈB as N →∞.
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Constrained NMF schemes Geometric approaches

Why the smallest cone?
Example after (Klingenberg et al., 2009)

Generate data according to V = BC; such that B ≥ 0, C ≥ 0 and ckn
uniformly drawn in [0, 1]:

Illustration extracted from (Klingenberg et al., 2009)
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Constrained NMF schemes Geometric approaches

Advantages

• W is uniquely determined (upto a permutation matrix): its columns are
the vertices of the cone ĈW.

• H can then be uniquely determined using standard nonnegative linear
regression.

→ the model becomes identifiable!

• Simpler algorithms can potentially be devised, significantly lowering the
computational load...
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Constrained NMF schemes Geometric approaches

Determining ĈW
Preliminary

Assume (without loss of generality) that the data is scaled to unit length,
i.e. ||vn|| = 1, ∀n:

vi

w1

w2

ĈW

Original data
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Determining ĈW
Preliminary

Assume (without loss of generality) that the data is scaled to unit length,
i.e. ||vn|| = 1, ∀n:

vi

w1

w2

ĈW

Original data

vi

w1

w2

ĈW

Data rescaled to unit-length
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Constrained NMF schemes Geometric approaches

Determining ĈW with the EVA in R2

EVA: Extreme Vector Algorithm (Klingenberg et al., 2009)

vi

w1

w2

ĈW

Find the two data vectors w1 and w2
which are the furthest apart in an
angular sense:

w1,w2 = argmax
m,n

cos−1(vT
mvn)

= argmin
m,n

vT
mvn
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The EVA in higher dimensions
(Klingenberg et al., 2009)

Initialisation

Set w1,w2 = argminm,n vT
mvn: first two vectors furthest apart

For i = 2 : K (repeat until target rank K is reached)

- Set Wi =
[
w1 . . . wi

]
- Let Pi = Wi (WT

i Wi )
−1WT

i : projection onto span{w1, . . . ,wi}

- Project V onto current span of Wi
: V′ = Pi

[
v1 . . . vn

]
- Find k such that vT

k v
′
k = vT

k (Pivk) = minn vT
n v′n

: the furthest in angular sense to its projection onto
span{w1, . . . ,wi}.
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Discussion

• The basis vectors wk are assumed to be among the data:
∃K : a set of indices; |K| = K ; such that W = V(:,K)

• V is assumed to be K -separable, that is:
∃K such that V = V(:,K)H ; H ≥ 0
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Constrained NMF schemes Geometric approaches

Discussion

• The basis vectors wk are assumed to be among the data:
∃K : a set of indices; |K| = K ; such that W = V(:,K)

• V is assumed to be K -separable, that is:
∃K such that V = V(:,K)H ; H ≥ 0

in other words, V satisfies the Extreme Data Property (EDP) (Klingenberg
et al., 2009):

EDP satisfied
Illustration from (Klingenberg et al., 2009)
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• The basis vectors wk are assumed to be among the data:
∃K : a set of indices; |K| = K ; such that W = V(:,K)

• V is assumed to be K -separable, that is:
∃K such that V = V(:,K)H ; H ≥ 0

in other words, V satisfies the Extreme Data Property (EDP) (Klingenberg
et al., 2009):

EDP satisfied
Illustration from (Klingenberg et al., 2009)
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Constrained NMF schemes Geometric approaches

Discussion

• The basis vectors wk are assumed to be among the data:
∃K : a set of indices; |K| = K ; such that W = V(:,K)

• V is assumed to be K -separable, that is:
∃K such that V = V(:,K)H ; H ≥ 0

EDP not satisfied!
Illustration from (Klingenberg et al., 2009)
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Constrained NMF schemes Geometric approaches

Discussion

• The basis vectors wk are assumed to be among the data:
∃K : a set of indices; |K| = K ; such that W = V(:,K)

• V is assumed to be K -separable, that is:
∃K such that V = V(:,K)H ; H ≥ 0

• The EVA is potentially very complex: its time complexity is O(K 4)
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Constrained NMF schemes Geometric approaches

Discussion

• The basis vectors wk are assumed to be among the data:
∃K : a set of indices; |K| = K ; such that W = V(:,K)

• V is assumed to be K -separable, that is:
∃K such that V = V(:,K)H ; H ≥ 0

• The EVA is potentially very complex: its time complexity is O(K 4)

→ need for alternative geometric algorithms...
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Determining ĈW by a separating hyperplane
A geometric intuition

P

w1

w2

vn

ĈW

To determine ĈW, find the hyperplane P that separates the data from the
origin with maximum margin.

→ this is the single-class Support Vector Machine problem!

Essid & Ozerov (TPT/Technicolor) A tutorial on NMF ICME 2014 93 / 170



Constrained NMF schemes Geometric approaches

Single-class Support Vector Machines
Handling outliers

P

a

xi ; ||xi || = 1

ρ
||a||

margin SV

margin

outliers
aka

non-margin SV

SV

P : 〈a, x〉 − ρ = 0 , ρ ≥ 0
a : normal vector; ρ : offset

Single-class SVM problem:

mina,ξi ,ρ
1
2 ||a||

2 + 1
νN
∑

i ξi − ρ,
s.t. 〈a, xi 〉 ≥ ρ− ξi , ξi ≥ 0 , ρ ≥ 0;

− ξi ≥ 0 : are slack variables (1 ≤ i ≤ N);
− ν : positive penalization parameter:

I ν is an upper-bound on the fraction of
outliers;

I a lower-bound on the fraction of support
vectors.
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Determinig ĈW using single-class SVM
(Essid, 2012)

ĈW vertices wk are merely the
margin-support vectors.

P

w1

w2
a

P : 〈a, x〉 − ρ = 0
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The SVM-NMF algorithm I
(Essid, 2012)

1. Apply single-class SVM on data V = {v1, · · · , vn};
2. Select margin support vectors as basis vectors wk ;
3. Solve for H: minhi C (hi ) = ||vi −Whi ||2 s.t. hk,i ≥ 0;

a classic nonnegative least-squares problem.

I Advantages:
• The proposed algorithm can be straightforwardly kernelized, hence:
− allowing for non-linear data decompositions;
− incorporating prior knowledge through the use of appropriate kernels.

• Model order selection: the choice of K is no longer required, it is
determined from the data through a proper choice of ν.
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The SVM-NMF algorithm II
(Essid, 2012)

I Advantages:

• Lower complexity compared to reference geometric approach (Extreme
Vector Algorithm) which is O(K 4) while SVM can be solved with O(n).

• Straightforward adaptation to online processing (online SVM
techniques).

• Ability to exclude outliers.
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Image analysis example

Data generation
− 1500 images of size 32× 32;
− generated as positive linear combinations of
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Observation example:
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5
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• Images as 1024-coefficient vectors

• Basis vectors stacked in a 1024× 3 matrix B

• Data generated as V = BC

• C drawn uniformly in the range [0, 1]
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Image analysis example

Components wk found by applying SVM-NMF on V = [BC,B]; ν = 0.001:
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Components wk found by applying SVM-NMF on V = BC; ν = 0.001:
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Image analysis example

Number of support vectors and basis vectors (i.e. margin support
vectors) as a function of νN.

→ When νN increases, outliers are created but the number of components
remains fixed.
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Synthetic music transcription example

I Data generation
− s(t) =

∑
m sm(t)rm(t) + b(t)

− sm(t) =
∑10

p=1
am
p cos(2πpfmt)

− b(t) : Gaussian noise; SNR = 6dB
− rm(t) defines the temporal activations
− V formed by stacking short-term power spectra column-wise.

Essid & Ozerov (TPT/Technicolor) A tutorial on NMF ICME 2014 101 / 170



Constrained NMF schemes Geometric approaches

Synthetic music transcription example
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Estimated activations (in red) allow for a perfect transcription.
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Non-linear NMF using kernels

• Φ : V → H; H: a feature space.
• κ(x , y) = 〈Φ(x),Φ(y)〉, (x, y) ∈ RF × RF .

I Kernel-based NMF problem:
Φ(V) ≈WH s.t. wfk ≥ 0 and hkn ≥ 0

I Solution:
• Determine W using kernel single-class SVM;
• Solve: minhn CΦ(hn) = 1

2 ||Φ(vn)−Whn||2H s.t. hkn ≥ 0.

It is easily shown, using the kernel trick, that:
∂CΦ(hn)
∂hkn

=
∑K

k=1 hknκ(vk , vl )− κ(vn, vl ) and ∂2CΦ(hn)
∂hln∂hkn

= κ(vk , vl )

→ The Hessian matrix is exactly the Gram matrix which is positive
definite for positive definite kernels.
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Ongoing work

• Considering real-world applications.
• Using application-specific kernels: potential for incorporating prior
knowledge on the data.

• Studying the impact of ν on model-order selection.
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Multi-stream and cross-modal NMF schemes

I Introduction

I NMF models

I Algorithms for solving NMF

I Constrained NMF schemes

I Multi-stream and cross-modal NMF schemes
– NTF models
– Co-factorisation schemes

I Applications

I Conclusion

Essid & Ozerov (TPT/Technicolor) A tutorial on NMF ICME 2014 105 / 170



Multi-stream and cross-modal NMF schemes NTF models

Multi-way data representations

Some data can have more meaningful representation using multi-way
arrays rather than matrices (two-way arrays).

Multichannel audio (Févotte and
Ozerov, 2010)

time

V

channel

fr
eq
ue
nc
y

Text statistics for natural language
processing (de Cruys, 2010)

object

V

verb

su
bj
ec
t
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Multi-way data representations

Some data can have more meaningful representation using multi-way
arrays rather than matrices (two-way arrays).

Electroencephalography (EEG) data (Lee et al., 2007)

time

V

channel

fr
eq
ue
nc
y

time

channel

fr
eq
ue
nc
y
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Multi-way data representations

Some data can have more meaningful representation using multi-way
arrays rather than matrices (two-way arrays).

Tag recommendation (Rendle et al.,
2009)

item

V

user

ta
g

Context-aware collaborative
filtering (Karatzoglou et al., 2010)

movie

V

user

co
nt
ex
t
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Definition

What do we mean by a tensor?
• Tensor is an L-way array or simply a dataset indexed by L indices (L = 2
for matrices, L = 3 for “boxes”)

V

2-way array (matrix)

V

3-way array (tensor)

• NOTE: In Physics tensors have a different meaning.
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Reminder on NMF models

vfn ≈
∑

k wfkhkn, V = WH

≈ =

V

W

H

=

h1

w1

h2

w2

h3

w3+ +
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CANDECOMP / PARAFAC (NTF) models
(Bro, 1997)

vfnl ≈
∑

k wfkhknqlk , V ≈
∑

k wk ◦ h
T

k ◦ qk

≈ =

V

W

H

=

h1

w1

h2

w2

h3

w3+ +

Q

q1 q2 q3
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TUCKER3
(Kiers, 2000)

vfnl ≈
∑

p,k,r wfphknqrlgpkr

≈

V

W

HQ

G

• G is called a core tensor
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Factor graphs representation for NTF I
(Yilmaz and Cemgil, 2010)

Yilmaz and Cemgil 2010 proposed representing various NTF models using
factor graphs (Loeliger, 2004), which are connected graphs:

• with cycles and squares as nodes, and

• where a vertex cannot connect two boxes or two cycles together (a
bipartite graph).
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Factor graphs representation for NTF II
(Yilmaz and Cemgil, 2010)

Representing NTF models with factor graphs (Yilmaz and Cemgil, 2010):
• Latent factors (e.g., W or H) are represented by square nodes.
• Latent factor indices are represented by cycle nodes (in gray for
observed indices and in white for latent indices).

• A vertex connecting a cycle node with a square node means that the
corresponding latent factor is indexed by the corresponding index.

W
f

NMF

k n
H

vfn ≈
∑

k wfkhkn
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Factor graphs representation for NTF III
(Yilmaz and Cemgil, 2010)

• NMF: vfn ≈
∑

k wfkhkn ,

• PARAFAC: vfnl ≈
∑

k wfkhknqlk ,

• TUCKER3: vfnl ≈
∑

p,k,r wfphknqrlgpkr .

W

f

NMF PARAFAC TUCKER3

k

n

H

f

k

n

W

H

Q

l f

p

n

W

H

Q

l

r

k
G
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Generalized NTF
(Yilmaz and Cemgil, 2010)

Yilmaz and Cemgil 2010 proposed to call Generalized NTF any nonnegative
factorization model that can be represented this way as a factor graph.

Advantages of such a general and graphical representation:

• Having a graphical representation is always nice!

• This representation generalizes many existing models (Yilmaz and Cemgil,
2010; Cemgil et al., 2011).

• Results from the factor graph theory (e.g., the sum-product algorithm
Kschischang et al. 2001) can be re-used.

• Given a graph, a corresponding optimization algorithm (e.g., MU rules)
can be generated automatically.
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Example of MU rules for TUCKER3 NTF

vfnl ≈ v̂fnl =
∑

p,k,r wfphknqrlgpkr

MU rules for TUCKER3 NTF with the
β-divergence (one iteration):

hkn ← hkn

∑
f ,l,p,r vfnl v̂

β−2
fnl wfpqrlgpkr∑

f ,l,p,r v̂β−1
fnl wfpqrlgpkr

,

wfp ← wfp

∑
n,l,k,rvfnl v̂

β−2
fnl hknqrlgpkr∑

n,l,k,r v̂
β−1
fnl hknqrlgpkr

,

qrl ← qrl

∑
f ,n,p,k vfnl v̂

β−2
fnl wfphkngpkr∑

f ,n,p,k v̂β−1
fnl wfphkngpkr

,

gpkr ← gpkr

∑
f ,n,l vfnl v̂

β−2
fnl wfphknqrl∑

f ,n,l v̂
β−1
fnl wfphknqrl

.

f

p

n

W

H

Q

l

r

k
G
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Surprising facts about PARAFAC
(Yilmaz and Cemgil, 2010)

There are a lot of interesting mathematical developments around NTF
(see, e.g., Lim and Comon 2010).

Surprisingly, but some results for the PARAFAC NTF (L-way arrays with
L ≥ 3) are quantitatively different from the results for the NMF.

Some surprising results on PARAFAC NTF:
• In contrast to the NMF, the uniqueness conditions for the PARAFAC
NTF are mild (Kruskal, 1977).

• In contrast to the NMF, there exist tensors for which rank-R
approximations (i.e., PARAFACs with R latent components) do not
exist (Lim and Comon, 2010). In other words, the set of tensors with rank
≤ R is not guaranteed to be closed.
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Applications of NTF to audio-visual content processing

Audio
• Music genre classification (Benetos and Kotropoulos, 2008)

• Source separation (FitzGerald et al., 2008; Ozerov et al., 2011a)

• Compression (Nikunen et al., 2011; Ozerov et al., 2013)

Videos and images
• Action recognition (Kim and Cipolla, 2009; Krausz and Bauckhage, 2010)

• Faces analysis (Shashua and Hazan, 2005)

• Image retrieval (Liu et al., 2014)
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I Introduction

I NMF models

I Algorithms for solving NMF

I Constrained NMF schemes

I Multi-stream and cross-modal NMF schemes
– NTF models
– Co-factorisation schemes

I Applications

I Conclusion
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Motivation
Multimodal speaker diarization on edited videos

• Observation: the audio and visual streams are related:

→ Exploit both audio and visual features to perform speaker diarization.
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NMF for multimodal data analysis I
Possible approaches

• NTF cannot be used: features from each modality do not live in spaces
of same dimensionality;

→ an observation tensor cannot be built for such data.

• Alternatively, concatenate the feature observations:

V =

[
V1
V2

]
≈WH

→ same cost functions need to be used for different modalities: not always
optimal.
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NMF for multimodal data analysis II
Possible approaches

• Another idea: perform co-factorisation constraining the activations to
be the same:{
V1 ≈W1H
V2 ≈W2H

solving: min
W1,W2,H

D1(V1,W1H) + β2D2(V2,W2H)

→ does not account for possible local discrepancies across modalities:

→ constrain the audio and visual data factorisations to be “related”:
temporal activations relating to these two streams of data should be
close, not necessarily equal.
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Soft nonnegative matrix co-factorisation
(Seichepine et al., 2013)

Solve the problem:

min
W1,H1,W2,H2

D1(V1 |W1H1) + β2D2(V2 |W2H2)+βc ‖H1 −H2‖p

• D1 is a measure of fit penalizing the reconstruction errors for the first
modality ;

• D2 is a measure of fit penalizing the reconstruction errors for the second
modality ;

• ‖·‖p is a penalization term coupling factorizations for the first and the second
modality;

• β2 and βc are weighting hyperparameters.
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Soft nonnegative matrix co-factorisation
(Seichepine et al., 2013)

Solve the problem:

min
W1,H1,W2,H2

D1(V1 |W1H1) + β2D2(V2 |W2H2)+βc ‖H1 −H2‖p

I Remarks:

• similarly a dependency between W1 and W2 could be accounted for:
minD(V|WH) is equivalent to minD(VT |HTWT ).

• if H1 and H2 have different dimensions, the penalty term can readily
ignore rows and columns of H1 that have no match in H2.
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Solving the problem

• We have devised a block-coordinate MM algorithm solving the
problem:
− H1, H2, W1 and W2 are updated sequentially;
− the cost function is decreased at each iteration;

• update rules have been determined for:
− Kullback-Liebler and Itakura-Saito cost functions;
− `2 and `1-coupling penalties;
− `2 and `1-temporal smoothing penalties.

see (Seichepine et al., 2014b) for more details.
• Matlab scripts are available on N. Seichepine’s web page:

http://www.telecom-paristech.fr/~seichepi
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Applications

The method has been successfully applied (Seichepine et al., 2014b) to:

• multimodal speaker diarization;

• multi-channel musical audio source separation.
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Applications

I Introduction

I NMF models

I Algorithms for solving NMF

I Constrained NMF schemes

I Multi-stream and cross-modal NMF schemes

I Applications
– Video structuring
– Audio source separation

I Conclusion
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Applications Video structuring

The video structuring problem

Goal: automatically extract a temporal organization of a
document into units conveying a homogeneous type of
(audio/video) content.
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Applications Video structuring

A generic video structuring system using NMF
Challenge: perform the task in a non-supervised fashion.

Proposed approach: a generic structuring scheme using NMF (Essid and
Fevotte, 2013):

1. Bag of words representation

A/V
frames

Vocab.
Word vocab.

extraction

Histograms
of words NMF

Activation
thresholding

Structure extracted

images/
audio segments

1. create a low-level (visual/audio) vocabulary and use it to extract
histogram of (visual/audio) words from the sequence of observation
frames;
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Applications Video structuring

A generic video structuring system using NMF
Challenge: perform the task in a non-supervised fashion.

Proposed approach: a generic structuring scheme using NMF (Essid and
Fevotte, 2013):

2.hDatahfactorisation

A/V
frames

Vocab.
Wordhvocab.

extraction

Histograms
ofhwords

KL-NMF Activation
thresholding

Structurehextracted

2. apply a variant of smooth NMF using the Kullback-Leibler divergence
to extract latent structuring events and their activations across the
duration of the document.
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Applications Video structuring

A generic video structuring system using NMF
Challenge: perform the task in a non-supervised fashion.

Proposed approach: a generic structuring scheme using NMF (Essid and
Fevotte, 2013):

2.hDatahfactorisation

A/V
frames

Vocab.
Wordhvocab.

extraction

Histograms
ofhwords

KL-NMF Activation
thresholding

Structurehextracted
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Applications Video structuring

A generic video structuring system using NMF
Challenge: perform the task in a non-supervised fashion.

Proposed approach: a generic structuring scheme using NMF (Essid and
Fevotte, 2013):

2.hDatahfactorisation

A/V
frames

Vocab.
Wordhvocab.

extraction

Histograms
ofhwords

KL-NMF Activation
thresholding

Structurehextracted

Activations should be temporally smooth: structuring events naturally exhibit a
“certain” temporal continuity.
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Applications
Onscreen person-oriented structuring

Discover the video editing structure: label the video frames as follows in a
non-supervised fashion:

"Full group" "Multiple participants" "Multiple participants"

"Participant 1" "Participant 2" "Participant 2"

"Participant 3" "Participant 4" "Participant 5"

Using the Canal9 political debates database (Vinciarelli et al., 2009).
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Applications Video structuring

Applications
Speaker diarization

“Who spoke when?”

• A notable difficulty: handling overlapped speech segments.

→ NMF has the potential to alleviate this issue.

Essid & Ozerov (TPT/Technicolor) A tutorial on NMF ICME 2014 132 / 170



Applications Video structuring

Experimental validation

Canal9 political debates database (Vinciarelli et al., 2009)

− broadcasts featuring a moderator and 2 to 4 guests;
− moderators, guest and background vary;
− 7 hours of video content: 10 minutes from each of the first 41 shows;
− 189 distinct persons; 28521 video shots.
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Visual features

Visual vocabulary creation
− PHOW features (Bosch et al., 2007): histograms of

orientation gradients over 3 scales, on 8-pixel step
grid; extracted from faces and clothing regions,
determined automatically for current video;

− quantization over 128 bins using K-means.
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Evaluation

Reference system: ergodic Hidden Markov Models (HMM) states:
− Nsp + 2 states, Nsp: number of speakers;
− Gaussian-emission probabilities with full covariance matrices;
− same features as NMF system.

NMF Parameters:
− K = Nsp + 1;
− best (in terms of cost-function value) of 10 random initializations;
− 3 values of smoothing penaltyβs are tested: βs ∈ {0; 0.1; 1}.

Scoring:
− using frame-type classification error rate;
− computed following the NIST speaker diarization error procedure (performs a

one-to-one mapping between groundtruth and automatically determined
segment labels).
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Results
Shot-type classification error rates
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Results
Visualising the activations

Full group

Speaker 1

Speaker 2

Speaker 3

Speaker 4

Speaker 5

Full group MP Speaker 5 Full group
MP:
Multiple Participants

MP
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Applications Video structuring

NMF for speaker diarization
(Essid and Fevotte, 2013)

s2 s3 sts1 st−1
...

...

...

...

Audio waveform

State histograms

States decoded
Analysis windows

Data frames

Essid & Ozerov (TPT/Technicolor) A tutorial on NMF ICME 2014 138 / 170



Applications Video structuring

Evaluation
(Seichepine et al., 2014b)

Dataset and scoring:
− using the Canal9 political debates videos;
− using the NIST DER (Diarization Error Rate).

Reference methods:
− a simple K-means applied to data matrices V;
− a state-of-the-art GMM-based diarization system: the LIUM Speaker

Diarization system (Meignier and Merlin, 2010).

NMF Parameters:
− audio: Nsp components; video: Nsp + 1 components;
− initializations based on output of previously computed monomodal NMFs;
− β1 = 0.02, β2 = 0.2 and βc = 0.1, respectively for visual, audio and coupling

penalties; tuned on development data.
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Results

Method K-means NMF S-NMF CS-NMF

Mean score 13.51 14.13 11.45 10.24
Mean (3 speakers) 15.86 16.37 17.40 15.92
Mean (4 speakers) 10.90 13.65 10.69 9.29
Mean (5 speakers) 12.46 12.67 7.43 6.46

Prop. better than K-means / 30% 85% 85%

S-NMF: `1-smoothed NMF;
CS-NMF: `1-coupled `1-smoothed NMF.
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Applications Video structuring

Results

Method K-means NMF S-NMF CS-NMF LIUM

Mean score 13.51 14.13 11.45 10.24 6.87
Mean (3 speakers) 15.86 16.37 17.40 15.92 7.67
Mean (4 speakers) 10.90 13.65 10.69 9.29 8.26
Mean (5 speakers) 12.46 12.67 7.43 6.46 5.97

Prop. better than K-means / 30% 85% 85% 100%
Prop. better than LIUM 0% 0% 30% 52% /

S-NMF: `1-smoothed NMF;
CS-NMF: `1-coupled `1-smoothed NMF.
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Applications Audio source separation

I Introduction

I NMF models

I Algorithms for solving NMF

I Constrained NMF schemes

I Multi-stream and cross-modal NMF schemes

I Applications
– Video structuring
– Audio source separation

I Conclusion
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Applications Audio source separation

NMF for audio source separation
Main idea

H = [H1;H2]

≈

V W = [W1,W2]

spectrogram
fr
eq
ue
nc
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time

patterns activations
Mixture Spectral Temporal

H1

W1

=

= +

Source 1 model

H2

W2

Source 2 model
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Applications Audio source separation

NMF for audio source separation
Details

All audio signals are represented in the complex-values short time Fourier
transform (STFT) domain (a time-frequency representation).

Problem: Given a mixture of two sources

X = S1 + S2, X,S1,S2 ∈ CF×N ,

estimate S1 and S2.

Basic approach:
• Compute an NMF decomposition V = |X|

.2
≈WH = W1H1 + W2H2.

• Compute source estimates by Wiener filtering:

Ŝ1 =
W1H1

W1H1 + W2H2
� X, Ŝ2 =

W2H2

W1H1 + W2H2
� X.
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Applications Audio source separation

NMF for audio source separation
Details

Main difficulty: How to compute the decomposition

V ≈WH = W1H1 + W2H2

such that (W1,H1) and (W2,H2) represent well the sources S1 and S2,
respectively?

One popular approach:
• Compute W1 and W2 from some training samples (e.g., downloaded
from the internet).

• Set W = [W1,W2] and fix it during mixture decomposition.

Problem: Training samples are not always available and/or representative.
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Source separation demo
On-the-fly audio source separation (El Badawy et al., 2014)

A user queries audio samples from the internet to pre-train W1 and W2.
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Applications Audio source separation

User-guided audio source separation
(Ozerov et al., 2011a; Duong et al., 2014)

A user is simply asked to annotate temporal segments of source
activities (active or non-active).

W

H

W

H
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User-guided audio source separation
Demo (Ozerov et al., 2011a; Duong et al., 2014)
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Text-informed audio source separation
General scheme (Le Magoarou et al., 2013)
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Applications Audio source separation

Text-informed audio source separation
Coupled NMF-based approach (Le Magoarou et al., 2013)
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Applications Audio source separation

Text-informed audio source separation
Demo (Le Magoarou et al., 2013)

Mixture (speech + background)

Synthesized speech example

Estimated speech

Estimated background

Essid & Ozerov (TPT/Technicolor) A tutorial on NMF ICME 2014 151 / 170



Conclusion Summary and future challenges

Take-home messages I

• NMF is a versatile data decomposition technique that has proven
effective for diverse applications across numerous disciplines,
− it tends to provide “meaningful” and “natural” part-based data

representations,
− it can be used both for feature learning, topic extraction, clustering,

segmentation, source separation, coding...

• For NMF to be successful, it has to be estimated using appropriate
cost-functions reflecting prior knowledge about the data.

• Being non-unique, NMF should incorporate constraints relating to the
data, either though:
− regularized cost-functions accounting for sparsity, shape, smoothness,

cross-modal dependency constraints..., or
− alternative formulations, e.g, geometric approaches having the potential to

estimate exact NMF models.
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Conclusion Summary and future challenges

Take-home messages II

• Many algorithms are available to estimate NMF, mostly alternating
updates of W and H; variants include:
− multiplicative updates: heuristic, simple and easy to implement, but slow

and instable,
− majorisation-minimisation: well-founded for a variety of cost functions,

stable, still slow,
− gradient-descent and Newton: fast but unstable.

• NMF is a state-of-the-art technique for a number of audio-processing
tasks (transcription, source separation...),

• it has a great potential for video (and RBG+depth) analysis tasks,
especially temporal structure analysis.
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Conclusion Summary and future challenges

Ongoing and future research

• How to properly estimate the model-order K?
• How to achieve better and faster “convergence”?
• How to perform non-linear data decompositions?
• How to handle big data?
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Conclusion NMF software & bibliography

A selection of NMF software

Software Language Main features

beta_ntf Python
Weighted tensor decomposition, all

β-divergences, MM

sklearn.decomposition.NMF Python `2-norm, gradient-descent, sparsity

IMM DTU NMF toolbox Matlab `2-norm, MM, gradient-descent, ALS

Févotte’s matlab scripts Matlab `2-norm, KL and IS-div, MM, probabilistic

Seichepine’s matlab

scripts
Matlab

Soft co-factorisation, `2-norm, KL and IS-div,

`1/`2-norm temporal smoothing, MM

svmnmf Matlab
Geometric SVM-based NMF, kernel-based

non-linear decompositions, fast

libNMF C
`2-norm, MM, gradient-descent, ALS,

multi-core, fast
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